Student Notes

Student Session Topic: Limits and Continuity

The AP Calculus exams include multiple-choice and free-response questions on limits and
continuity. There are on the order of 4 — 6 multiple choice questions on these topics each year.
The skills needed are listed below. None of these questions require you to “prove” or “justify” a
limit or use the o — ¢ definition of limit; they only ask you to find a limit.

What you should know how to do:

e Compute limits algebraically

Determine limits from a graph

e Know the relationship between limits and asymptotes — An asymptote is the graphical
manifestation of a limit at infinity or a limit equal to infinity.

e Recognize the limit definition of derivative — be able to identify the function involved
and the point at which the derivative is evaluated. (See multiple choice 10,11)

e Discuss continuity algebraically and graphically and know its relation to limit.
e BCOnly: L'Hopital’s Rule
e BConly: Limits associated with the logistic equation

Dominance

While not asked directly the concept of “dominance” is often the quickest (and best) way to
find a limit as x — to0 . You should know that exponential functions always increase faster than
polynomial and power functions and polynomial functions always increase faster than
logarithmic functions. Between two exponential or two polynomial functions the one with the
larger exponent dominates as x — oo . (See multiple-choice 5 and 1998 AB 2(a))

Example: find lim—-

X—>00 X

In(x®
Answer: Iim%):O. Eventually, x*®will become larger than In(xs) . It’s a fun calculator question to find the maximum
X—0 X "

point on this graph (5.185><1021,91.970) and its point of inflection (1.382><1022,91.952) . Notice the numbers. The point of inflection

is 2.67 times as far from the origin as the maximum point, yet the drop in y-values is only 0.018.
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Student Notes

Continuity

e Afunction is continuous at a point x = a if and only if f (@)is finite, lim f (x) is finite

X—a

and !(Inz] f(x)=f(a) (the limit equals the value).

e A function is continuous on an interval if it is continuous at every point of the interval.

e Differentiability implies continuity: If a function is differentiable at a point (at every
point on an interval), then it is continuous at that point (on that interval). The converse
is false: continuous function may not be differentiable. Example y =|x| at (0, 0).

Multiple-choice questions

a. Questions 1 — 4 Graphical

b. Questions 5 — 7 Algebraic

c. Questions 8 — 9 Continuity and differentiability

d. Questions 10 — 11 Definition of derivative

e. Questions 12 — 14 BC Only L’Hopital’s Rule & logistic equation.
Answers1B,2A,3D,4A,5C,6B,7A,8E,9D,10C,11B,12C,13E,148B

WATCH and LISTEN to the multiple-choice questions being solved.

Go to http://tinyurl.com/NMSI-Math-2 Click on the “"Full Screen” arrow. Then click
anywhere on the page to see and hear from that point on. Click to go back anytime.

Free-response questions
AB and BC
1998 AB2/BC2 (a), (c),

In (a) you need only write the answer. The one limit is either co or DNE (either answer is
correct). The minimum value is found in (b) and then the limits must be interpreted to
find the range of the function in (c).
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Student Notes

2003 AB 6

Limits are necessary to explain continuity in (a) and necessary to find one of the
equations necessary in (c).

For BC only
2001 BC 6 (b)

Simplifying the expression in (b) makes the limit easy to find. (Similar to 2007 BC 6 (b))

2004 BC 5 (Logistic equation)
You do not need to solve the logistic differential equation to answer this question. The
dP
equation has horizontal asymptotes at y =0 and y = 12, because that’s where— =0.

The initial conditions are below and above the asymptote so as X — o, the function
must approach the asymptote.

© 2009, 2010 Lin McMullin, National Math and Science Initiative
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Name: Class: Date:

Limits and Continuity

Multiple Choice
Identify the choice that best completes the statement or answers the question.

1.

The graph of the function f is shown in the figure above. Which of the following statements about f
is true?

a. lim f(x) = lim f(x)

X—a x—b

b. lim f(x) =2

C. xI;na f(x)=2

d. xI;nb fx)=1

e. xI;nb f(x) does not exist
x> a



Name:

Graph of f

The graph of the function f is shown in the figure above. The value of lim sin( f(x) ) is

x—>1

a. 0.909

b. 0.841

c. 0.141

d. -0.416

e. nonexistent

For which of the following does lim f(x) exist?

X—>4

a. lonly

b. Il only

c. llonly

d. TlandlIlonly
e. landIllonly



Name:

Y
*
L ]
oV N 75 7'L‘. >
[ 79 r W“"G
Graph of f

The graph of a function f is shown above. At which value of x is f continuous, but not differentiable?

© O 0 T
© O 0O T D

XX -2 +3x-4

lim =
xooo X3 —3x% +2x—1
a. 4
b. 1
¢ 1
4
d 0
e. -1
2 2
Ifa=0,then lim X4 a4 is
x—>a X —a
N
S
1
bh. —
2a°
o L
" 6a’
d O

e. nonexistent



Name: ID: A

(x-1) (x2 —4
7. Letf be the function given by f(x) = > . For what positive values of a is f continuous for all real

numbers x?

a. None

b. 1lonly

c. 2only

d. 4only

e. land4only

8. Iff(x):{'”zx for0<x<2 " ihe lim f(x) is

x“In2 for2<x<4, X2
a. In2
b. In8
c. Inl6
d 4
e. nonexistent

_ |x+2 ifx<3
f(x)_{4x—7 if x>3

Let f be the function given above. Which of the following statements are true about f ?

I. lim f(x) exists
xX—3

Il. fis continuous at x = 3.
I11. fis differentiable at x = 3.

a. None

b. lonly

c. llonly

d. landllonly
e. I, 1, and Il

. . f(2+h) -f(2) : :
10. Letf be a function such that lim - 5. Which of the following must be true?
h—0
I. fis continuous at x = 2.
Il. fis differentiable at x = 2.

I11. The derivative of f is continuous at x = 2.

a. lonly

b. Honly

Cc. landllonly
d. landIllonly
e. llandlllonly



Name: ID: A

. e -1
11. Im ——is
h—0 2h
a o0
1
b. 5
c. 1
d e
€. nonexistent
I et dt
1
12. lim —; is
xs1 X°=1
a 0
b. 1
C E
2
d e

e. nonexistent

13. The population P(t) of a species satisfies the logistic differential equation c(ij_l;’ = P(Z— ﬁ] where the initial

population P(0) = 3,000 and t is the time in years. What is lim P(t)?

t—>w

a. 2,500
b. 3,000
c. 4,200
d. 5,000
e. 10,000

14. The number of moose in a national park is modeled by the function M that satisfies the logistic differential

equation - 0.6M {1— M} where t is the time in years and M(0) =50. What is lim M(t)?

dt 200 o
a. 50
b. 200
c. 500
d. 1000
e. 2000



1998 AP Calculus AB Free-Response Questions

2. Let f be the function given by f(x) = 2ze**.

(a) Find xEI}loof(x) and leIgo f(x).

(b) Find the absolute minimum value of f. Justify that your answer is an absolute minimum.
(¢) What is the range of f?
)

(d) Consider the family of functions defined by y = bz’ where b is a nonzero constant. Show
that the absolute minimum value of bze®® is the same for all nonzero values of b.

GO ON TO THE NEXT PAGE
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1998 Calculus AB Scoring Guidelines

2. Let f be the function given by f(x) = 2ze**.
(a) Find lim f(z) and xlingo f(x).

(b) Find the absolute minimum value of f. Justify that your answer is an absolute minimum.

)
(¢) What is the range of f?
)

(d) Consider the family of functions defined by y = bz’ where b is a nonzero constant. Show
that the absolute minimum value of bze®® is the same for all nonzero values of b.

(a) lim 2ze** =0

r——00

lim 2z¢** = 00 or DNE
Tr—0Q0

(b)  f(x) =2e* +22-2-€** =2*(1+22) =0
ife=-1/2
f(=1/2) = —1/e or —0.368 or —0.367
—1/e is an absolute minimum value because:
(i) f'(xz) <0 forall x < —1/2 and
f(x) >0 forall x> —1/2

—or—

e

and x = —1/2 is the only critical
number

(c) Range of f =[—1/e,00)
or [—0.367, 00)
or [—0.368, 00)

(d) o = b’ + b2xeb® = beP*(1 4 bz) = 0
ifx=-1/b
Atz =-1/b,y=—1/e

y has an absolute minimum value of —1/e for
all nonzero b

Dasxz — —o0

1:
2
1:

1:  solves f'(z) =0

oo or DNE as ¢ — oo

1:  evaluates f at student’s critical point
0/1 if not local minimum from
student’s derivative

1:  justifies absolute minimum value
0/1 for a local argument

0/1 without explicit symbolic
derivative

Note: 0/3 if no absolute minimum based on
student’s derivative

1: answer

Note: must include the left—hand endpoint;
exclude the right-hand “endpoint”

1: sets y = be?™(1+bx) =0
1:  solves student’s ¢/ = 0
1: evaluates y at a critical number

and gets a value independent of b

Note: 0/3 if only considering specific
values of b

Copyright (©)1998 College Entrance Examination Board. All rights reserved.
Advanced Placement Program and AP are registered trademarks of the College Entrance Examination Board.

10



2003 AP® CALCULUS AB FREE-RESPONSE QUESTIONS

6. Let f be the function defined by

x+1 for0<x<3
f(x) =
5-x for3<x<5.

(a) Is f continuous at x = 3 ? Explain why or why not.
(b) Find the average value of f(x) on the closed interval 0 < x < 5.
(c) Suppose the function g is defined by

o(x) = {km for0<x<3

mx+2 for3<x<35,

where k and m are constants. If g is differentiable at x = 3, what are the values of k and m ?

END OF EXAMINATION

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
Available to AP professionals at apcentral.collegeboard.com and to
students and parents at www.collegeboard.com/apstudents.
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AP® CALCULUS AB
2003 SCORING GUIDELINES

Question 6

Let f be the function defined by

5—2x

-]

(a)
(b)
()

Suppose the function g is defined by

9(z) = l

kv +1
mz + 2

Jr+1 for0<z<3

for 3 <z <5.

Is f continuous at z = 37 Explain why or why not.

Find the average value of f(z) on the closed interval 0 < z < 5.

for0<z<3
for 3 <z <5,

where k and m are constants. If g is differentiable at £ = 3, what are the values of k¥ and m ?

f is continuous at z = 3 because
lim f(z) = lim f(z) = 2.
T3 z—3*

Therefore, liné flz) =2 = £(3).

[ @i = [ 1@ da+ [ fa)de

%(z+1)%z+(5z—%z2)
5-5)+5F-35)-%

1 p5 4
Average value: z f;) f(z)dz = 3

(b)

5

3
16 2

3 3

25 21

2 2

3

()

for0<z <3

k
g'(z) =iz +1

m for3<z <5
: ’ _k 3 ! —
Jim g/(z) =7 and lim g'(z) =m

Since these two limits exist and g is

differentiable at z = 3, the two limits are

equal. Thus % =m.

8m=3m+2;m=§andk=§

Since g is continuous at =z = 3, 2k = 3m + 2.

1 : answers “yes” and equates the
values of the left- and right-hand
2:
limits
1 : explanation involving limits
1ok [ f@)dz + k[ f(o)d
ko T)dz , f@)dz
(where k = 0)
4: 1 1: antiderivative of vz + 1
1 : antiderivative of 5 — z
1 : evaluation and answer
1:2k=3m+2
3:41: % =m
1 : values for k¥ and m

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
Available at apcentral.collegeboard.com.
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2001 AP® CALCULUS BC FREE-RESPONSE QUESTIONS

6. A function f is defined by

xn+...

12 3, n+l
f(x)—§+-3——2-x+-§—3-x + -+ 3n+1

for all x in the interval of convergence of the given power series.

(a) Find the interval of convergence for this power series. Show the work that leads to your answer.

fo -1
(b) Find }l_)n%) _—

1
(c) Write the first three nonzero terms and the general term for an infinite series that represents .[o f(x)dx.

(d) Find the sum of the series determined in part (c).

END OF EXAMINATION

Copyright © 2001 by College Entrance Examination Board. All rights reserved.
Advanced Placement Program and AP are registered trademarks of the College Entrance Examination Board.



AP® CALCULUS BC
2001 SCORING GUIDELINES

Question 6

A function fis defined by

1 2 3 +1
f(z):E —Sz+—z°+- 4+

x" + e
3? 33 gntl

for all z in the interval of convergence of the given power series.
(a) Find the interval of convergence for this power series. Show the work that leads to your

answer.

i) -3
(b) Find lim——3.

(c) Write the first three nonzero terms and the general term for an infinite series that

1
represents fo f(z)dz .

(d) Find the sum of the series determined in part (c).

(n + 2)z"*!
i 3nt2 = (n + 2)£ = | d | 1 : sets up ratio test
(2) nll.n;o (n+Dz" | nic|(n+1)3| |3 <1 .
s 1 : computes limit
4:
o 1 : conclusion of ratio test
At z = —3, the series is Z (=" ntl . .
=0 1 : endpoint conclusion
At z = 3, the series is Z —7-"-—;_—1, which diverges.
Therefore, the interval of convergence is —3 < z < 3.
1
flz) -3 2 4 2
(b) 5%73:;1_{1})(32 —z+3 2 + )=§ 1 : answer
1 1
(c) j; f(z)dz = j;’ (; + 32 T+ %x + e 7;:_;11 z" + )dx 1 : antidifferentiation
z= f series
TS SPNE e Loty 1 o
B (32 + 3? =+ 33 Ry gl + =0 3:1 1: first three terms for
= ; + 312 + 31 SR §n1+—1 4 .. definite integral series
1 : general term
1
(d) The series representing fo f(z)dz is a geometric series.
1
1 3 1
-3 _Z )
Therefore, j; f(z)dz = - =% 1 : answer
3

Copyright © 2001 by College Entrance Examination Board. All rights reserved.
Advanced Placement Program and AP are registered trademarks of the College Entrance Examination Board.
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2007 AP® CALCULUS BC FREE-RESPONSE QUESTIONS

6. Let f be the function given by f(x) = e

(a) Write the first four nonzero terms and the general term of the Taylor series for f about x = 0.

1-x? -
(b) Use your answer to part (a) to find lim ;4—@.
x—0 X
2
(c) Write the first four nonzero terms of the Taylor series for J: e" dt about x = 0. Use the first two terms of

. /2 _p
your answer to estimate -[0 e dt

/2 _2
(d) Explain why the estimate found in part (c) differs from the actual value of J.O/ e~ dt by less than ﬁ

WRITE ALL WORK IN THE PINK EXAM BOOKLET.

END OF EXAM

© 2007 The College Board. All rights reserved.
Visit apcentral.collegeboard.com (for AP professionals) and www.collegeboard.com/apstudents (for students and parents).
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AP® CALCULUS BC
2007 SCORING GUIDELINES

Question 6

Let f be the function given by f(x) = e

(a) Write the first four nonzero terms and the general term of the Taylor series for f about x = 0.

—-— 2 —
(b) Use your answer to part (a) to find lim l_x__fL)_cl
x—0 x4

x 2
(c) Write the first four nonzero terms of the Taylor series for j 0 e™" dt about x = 0. Use the first two

. 1/2 _2
terms of your answer to estimate j 0 € " at.

1/2 _2
(d) Explain why the estimate found in part (c) differs from the actual value of IO/ e™" dt by less than

200
2 232 233 2\"
e ) =) &) ) . 2 xt s
@ e”* =1+ T + o + 3 +.-- + p + ;. 1.twoof1,x,2, G
P (-1)" x*" " | 1:remaining terms
=1-x ty gttt 1 : general term
2 2 oo ¢ qyn+l _2n-4
(b) 1-x" - (%) =_l+x_+ (Gl ) S 2 1 : answer
x4 2 6 = n!
2
Thus, lim[1 X f(x)]__l.
x 4 6 _q\n 2n
©) J. e"2dt=J'(1—t2+%—%+---+(—12ﬂ—t+---]dt 1 : two terms
0 ' 3:4 1:remaining terms
3 5 7 .
—x_ X X X 1 : estimate
T30’
Using the first two terms of this series, we estimate that
1/2 _p2 1 1\(1) 11
Jo erar=5-(5)(5) =3
/2 _p 1] _(1y 1 1 1 .
(@) Io e’ dt_ﬂl < (E) "T0 = 320 < 300 Since 1 : uses the third term as
(e 2: the error bound
2 _p o (=1) (5) hi | ' 1 : explanation
jo e dt = Z;)T!(Zn_-i-—ﬁ—’ which is an alternating
series with individual terms that decrease in absolute value
to 0.

© 2007 The College Board. All rights reserved.
Visit apcentral.collegeboard.com (for AP professionals) and www.collegeboard.com/apstudents (for students and parents).
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2004 AP® CALCULUS BC FREE-RESPONSE QUESTIONS

CALCULUS BC
SECTION II, Part B

Time—45 minutes
Number of problems—3

No calculator is allowed for these problems.

5. A population is modeled by a function P that satisfies the logistic differential equation
4P _ £(1 - £)_
da 5 12
(a) If P(0) = 3, what is ,11,'2, P(r)?
If P(0) = 20, what is ,11,12, P(1)?

(b) If P(0) = 3, for what value of P is the population growing the fastest?

(c) A different population is modeled by a function Y that satisfies the separable differential equation

ﬂ=£(1_L)
dt 5 12/

Find Y () if ¥(0) = 3.

(d) For the function Y found in part (c), what is tlim Y(t)?
—o0

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
Visit apcentral.collegeboard.com (for AP professionals) and www.collegeboard.com/apstudents (for AP students and parents).
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AP® CALCULUS BC
2004 SCORING GUIDELINES

Question 5

A population is modeled by a function P that satisfies the logistic differential equation
ar _ £( _ !L)
dt 5 12/
(a) If P(0) =3, whatis lim P(¢)?
—oo
If P(0) =20, whatis lim P(z)?
{—oo

(b) If P(0) = 3, for what value of P is the population growing the fastest?
(c) A different population is modeled by a function Y that satisfies the separable differential equation
¥y Y t
ar ?( - Ti)'
Find ¥(¢) if Y(0) = 3.
(d) For the function Y found in part (c), what is ,11)12, Y()?

(a) For this logistic differential equation, the carrying 1 : answer

capacity is 12. 2: | : answer

If P(0)=3, lim P(¢z) =12.

—oo
If P(0) = 20, lLim P(t) =12.
{—o0

(b) The population is growing the fastest when P is half 1 : answer

the carrying capacity. Therefore, P is growing the

fastest when P = 6.

1 1 t 1 ¢ ( 1: separates variables
o Lar=ti-Lha=(L-La
© Y 5 12 5 60 1 : antiderivatives

2 . . .
In|Y| = r_r . c 5. ) 1 : constant of integration
5 120 1 : uses initial condition
12 1: solves for ¥
— 5 120 ’
Y(r) = Ke 0/1 if Y is not exponential
K=3
2
t ¢t . -1-0-0-011
¥(t) = 3¢5 10 Note: max 2/5 [1. 1-0-0 f)] if no
constant of integration
Note: 0/5 if no separation of variables

d) limY(s)=0 1 : answer

e 0/1 if ¥ is not exponential

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
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